A b s t r a c t: The quasigroups constructed from complete mappings of a group ( ) 2, n Z ⊕ in a term of their properties like: satisfying the associative, commutative and idempotent law, having proper subquasigroups, having left or right unit, their representation with ANF, their prop ratio tables and correlation matrices and satisfying some other identities are examined in this paper. This is important for their applicability in cryptography, coding theory and other fields. As an example, we give quasigroups constructed from 384 complete mappings of a group ( ) 3 2 , Z ⊕ .
INTRODUCTION
There are many different ways of constructing quasigroups. One can construct a quasigroup by isotopies and/or their combination with Feistel network [12] , with T-functions (special type of functions defined by Klimov and Shamir [9] ), with diagonal method by complete mappings [15] , with direct or quasi-direct product of smaller quasigroups [3, 17] , (generalized) singular direct product [10, 16] the group ( ) ⊕ Ζ , 3 2 . There are 384 such quasigroups. In Section 2 are given some basic mathematical definition for quasigroups and complete mappings. Definition of prop ratio tables and correlation matrices are given in Section 3. Some propositions about constructed quasigroups are presented in Section 4. In Section 5 are shown a special case of quasigroups constructed from complete mappings of a group ( ) ⊕ Ζ , 3 2 . List of all complete mappings of group ( ) ⊕ Ζ , 3 2 are given in Appendix A and corresponding quasigroups (in ANF) constructed from complete mappings of a group ( )
The quasigroup that satisfies only the first implication is called weak totally anti-symmetric (WTA-quasigroup).
TA-quasigroups are used in check digit systems for recognizing early typing errors [6] . Let (Q,*) be a quasigroup and let 
CORRELATION MATRICES AND PROP RATIO TABLES
A Boolean function f is a function 2 2 :
. :
A vector-valued Boolean function h is a mapping
The correlation matrix of a vector-valued Boolean function is a useful concept [5] for proving some properties of Boolean functions and mappings. The elements of the correlation matrices are the correlation coefficients associated with linear combinations of input bits and linear combinations of output bits. 
where P is probability of f(a) = g(a). The correlation coefficient range is between -1 and 1. If it is different from 0, the functions are said to be correlated.
A selection vector w is a binary vector that selects all components i of a vector a where w i = 1. For example, the selection vector (1, 0, 1) selects the bits a 0 and a 2 from vector a = (a 0 , a 1 , a 2 ). w T a represents the linear combination of the components of a vector a selected by w. All correlation coefficients between linear combinations of input bits and output bits of the mapping h can be arranged in a correlation 2 m × 2 n -matrix C h . C uw is the element in the u-row and the w-column and it is equal to C ( )
. The rows in this matrix can be interpreted as
This means that the real-valued function corresponding to a linear combination of output bits can be written as a linear combination of the real-valued functions corresponding to a linear combination of input bits.
Other useful concept of the Boolean functions and mappings are prop ratio tables [4] . This concept is important for differential cryptanalysis [2] . Let a and a* be n-bit vectors with bitwise difference a + a* = a'. (2) is a Shroeder quasigroup. Proof. Let φ = I ⊕ n θ be (is) orthomorphism of θ, so φ is affine bijection too.
Definition 3.2 The prop ratio
R p of a difference propagation (a' ┤ h ├ b') is given by Rp (a' ┤ h ├ b') = ( ) ∑ + ′ + + ′ − a n a h a a h b ) ( ) ( 2Proof. If x, y ∈ Q, then (x * y) * (y * x) = (θ (x ⊕ n y) ⊕ n y) * (θ (y ⊕ n x) ⊕ n x)= θ (θ(x ⊕ n y) ⊕ n y ⊕ n θ (y ⊕ n x) ⊕ n x) ⊕ n θ (y ⊕ n x) ⊕ n x = θ (y ⊕ n x) ⊕ n θ (y ⊕ n x) ⊕ n x = x.If x, y, c ∈ Q and (c * x) * y = (c * y) * x, then θ (θ (c ⊕ n x) ⊕ n x ⊕ n y)⊕ n y = θ (θ (c ⊕ n y) ⊕ n y ⊕ n x) ⊕ n x ⇒ (θ is affine) ( n Ζ ⊕ 81 Prilozi, Odd. mat. teh. nauki, XXX, 1 ‡2 (2009), str. 75 ‡93 θ (θ (c ⊕ n x)) ⊕ n y = θ (θ (c ⊕ n y)) ⊕ n x ⇒ θ (θ (c) ⊕ n θ (x) ⊕ n θ (0)) ⊕ n y = θ (θ (c) ⊕ n θ (y) ⊕ n θ (0)) ⊕ n x ⇒ θ (θ (x)) ⊕ n y = θ (θ (y)) ⊕ n x ⇒ θ (θ (x)) ⊕ n θ (x) ⊕ n θ (x) ⊕ n x = θ (θ (y)) ⊕ n θ (y) ⊕ n θ (y) ⊕ n y ⇒ φ (θ (x)) ⊕ n φ (x) ⊕ n φ (0) = φ (θ (y)) ⊕ n φ (y) ⊕ n φ (0) ⇒ (φ is affine) φ (θ (x) ⊕ n x) = φ (θ (y) ⊕ n y) ⇒ (φ is bijection) θ (x) ⊕ n x = θ (y) ⊕ n y ⇒ φ (x) = φ (y) ⇒ (φ is bijection) x = y. Proposition 4.2. implies that Q is TA-quasigroup.
Proposition 4.4
The quasigroup (Q,*), constructed by a complete map- Proof. Let e be the right unit of (Q,*). Then
for all x ∈ Q. This means that θ = I is the identity mapping. This is contradiction with θ is a complete mapping of a ( )
, from Proposition 2.1). So, Q is without right unit.
Let e be the left unit of (Q,*). Then for all x ∈ Q. This means that θ is a zero mapping. This is contradiction with θ is a bijection. So, Q is without left unit. are defined and proved [12] . First "pairing" property tells us that every row in the multiplication table of (Q, *) is the reversal of another row and every column of (Q, *) is the reversal of another column. This can be defined as follows. where θ : Q → Q is an affine complete mapping and k, x, y ∈ Q. Then rows x and y are paired over k if and only if x * k = θ (y), i.e., for any z ∈ Q,
Notice that for any k, x ∈ Q, there exists y, because the quasigroup equations have unique solutions. ( n Similarly, columns x and y are paired over k if and only if k * x = φ (y), whereφ: Q → Q is the orthomorphism of θ, i.e., for any z ∈ Q,
Another "pairing" property tells us that every element has its "pair" element that appear next to it in every row and every column in multiplication table of (Q, *).
SPECIAL CASE -QUASIGROUPS CONSTRUCTED FROM COMPLETE
MAPPINGS OF THE GROUP ( ) , given in Appendix A. All these mapping are affine mappings, and 48 of them are linear mappings.
With exhaustive search and examination in software package Matlab and with properties from Section 4, we have found that all 384 constructed quasigroups are non-associative, non-commutative, without left or right unit and without proper subquasigroup. All of them are Shoreder's quasigroups and TAquasigroups. 48 of them are idempotent quasigroups. Also, all of them have prop ratio table with one element 1 in every column and others elements 0, and correlation matrix with one element 1 or -1 in every row and others elements 0.
From their prop ratio tables and correlation matrices we can conclude that all 384 quasigroups are linear quasigroups [7] . If they are represented as vector valued Boolean functions, then every bit of the output is represented as affine function of input bits. The representation of all 384 quasigroups with ANF is given in Appendix B. The corresponding quasigroup is given by the table *   0  1  2  3  4  5 
The prop ratio table of this quasigroup is: 
This means that the every output bit can be represented by an affine function from the input bits. So, the representation of this quasigroup with ANF is There are 384 complete mappings for group ( ) ⊕ Ζ , 3 2 . Only 48 of constructed quasigroups are idempotent. From their prop ratio tables and correlation matrices we can conclude that all of them are linear quasigroups. If they are represented as vector valued Boolean functions, every bit of the output is represented as affine function of input bits. They can not be used as nonlinear building blocks in cryptography, but they can be used in places where linear building blocks are needed. where C(100, z 0 ) is the correlation coefficient between input selection vector 100 and output selection vector z 0 . z 0 is output selection vector in integer representation and it is used for representing output bit y 0 as an affine function of input bits. C(010, z 1 ) is correlation coefficient between input selection vector 010 and output selection vector z 1 . z 1 is output selection vector in integer representation and it is used for representing output bit y 1 as an affine function of input bits. C(001, z 2 ) is correlation coefficient between input selection vector 001 and output selection vector z 2 . z 2 is output selection vector in integer representation and it is used for representing output bit y 2 as an affine function of input bits. If correlation coefficient is 1, the function is linear, and if is -1, the function is affine. 
